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Abstract—The age of information (Aol) is a new metric to
measure the timeliness of various status update systems, and
hybrid automatic repeat request (HARQ) transmission scheme
is usually applied to ensure higher timeliness. However, little
research considers encoding delay, propagation delay, decoding
delay and feedback delay in the HARQ-based coded status
update system. To the best of our knowledge, in this paper,
the HARQ-based Spinal coded timely status update system with
all the practical delay elements is considered for the first time.
We derive the average Aol expression of the system and analyze
the monotony of the Aol expression to give an average Aol upper
bound. Then we optimize the HARQ transmission scheme to
minimize the Aol. To decrease the complexity of the optimization
algorithm, we separate it into two steps. First, we optimize the
puncturing pattern of Spinal codes and propose a transmission
scheme under incremental tail transmission puncturing (ITTP)
pattern. Second, we optimize the number of symbols in each
round under the ITTP transmission scheme, and propose the
optimal transmission scheme under the coarse-grained ITTP
pattern. Simulation results show that the proposed transmission
scheme can significantly decrease the Aol compared to the
baseline transmission schemes.

Index Terms— Age of information (Aol), Spinal codes, hybrid
automatic repeat request (HARQ), timely status update system,
transmission scheme.

I. INTRODUCTION

RIVEN by the increasing research attention of the time-
liness of information in the status update systems such as
vehicular networks [1] and remote control systems [2], the age
of information (Aol) is a new metric to measure the freshness
of the update information [3]. Aol measures the time that has
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elapsed since the status update was generated. Specifically,
if a status update is generated at the timestamp U (¢), then at
time ¢ the age of the update is A = t — U(t). The Aol of
the status update system will continuously increase until an
update is successfully received, with the Aol updated to A.
In the literature, there are many previous works on the Aol
from various perspectives, including multiple-server queuing
system [4], [5], wireless network system optimization [6], [7],
reinforcement learning [8] and game theory [9]. Note that in
these researches the status updates are assumed to be always
successfully received.

Nevertheless, for the practical transmission process in the
physical layer, the status updates will be disturbed by noises in
the unreliable channels, so the status updates are not always
successfully received. In this case, channel coding is applied to
decrease the error probability of status updates. For the coded
status update system, the Aol depends on the probability of
failed transmission. Specifically, lower error probability of the
coded status updates will result in lower Aol of the system.
To further ensure high timeliness of the system, transmission
schemes such as automatic repeat request (ARQ) and hybrid
ARQ (HARQ) are usually applied in the coded status update
system to enhance reliable transmission.

In [10], the optimal scheduling policies for ARQ and
HARQ transmission scheme under the resource constraint with
unknown error probability are studied to decrease the Aol of
the noisy channel systems. In [11], the average Aol expres-
sions of fixed-rate code and rateless code over binary erasure
channel with non-ARQ transmission scheme are theoretically
analyzed. The status update queuing system over erasure
channels is studied in [12], where the Aol expressions of the
ARQ- and HARQ-based coded system under finite code length
are derived by using the finite-block-length information theory
bound of the block error rate. As for the transmission scheme
design of the HARQ-based coded status update system, the
authors find out that the optimal code lengths form a threshold
structure, where a new update is transmitted only if the Aol of
the system reaches a threshold [13]. Moreover, under HARQ
transmission scheme, the average Aol expression with regard
to the code length and the error probability is analytically
derived in [14].

Some researches also consider the Aol of specific channel
codes. In [15], the authors theoretically analyze the average
Aol expressions of low-density parity-check (LDPC) coded
status update system with ARQ, truncated ARQ and HARQ
transmission schemes. In the recent work of [16], the time-
liness of Polar coded status update system is studied, and
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the average Aol expressions of the systems with different
transmission schemes, including classic ARQ, HARQ with
chase combining (HARQ-CC) and HARQ with incremental
redundancy (HARQ-IR), are derived respectively. But these
previous works only consider the transmission delay of the
system, which restricts their applications in practical status
update systems. However, the delays from the encoding,
propagation, decoding and feedback process will also increase
the Aol of the system, which cannot be neglected in practice.
As such, the timeliness of the HARQ-based coded status
update system considering all the practical delay elements is
still to be studied.

Spinal codes are new rateless codes first proposed in [17],
which have been proved to achieve the Shannon capacity over
both the additive white Gaussian noise (AWGN) channel and
the binary symmetric channel (BSC) [18]. Because of the high
rate of Spinal codes over the AWGN channel, fewer code
symbols are needed to be sent in the transmission process
of a Spinal coded status update frame, which results in lower
transmission delay and lower Aol. Furthermore, Spinal codes
can achieve seamless rate adaptation by simple transmission
scheme with puncturing, which is an advantage over fixed-
rate coding scheme such as LDPC codes and Polar codes.
Analyzing and optimizing the Aol performance of Spinal
coded timely status update system is of great importance in
the practical applications, for the lower Aol of Spinal coded
system will fundamentally achieve higher timeliness of the
whole status update system.

Researchers have worked on improving Spinal coding
schemes since Spinal codes were proposed, such as com-
pressing the sparse source at the sender side to increase the
throughput [19], applying unequal error protection structure
to achieve lower error probability [20], [21], introducing
novel and dynamic decoding algorithm at the receiver side
to decrease the decoding complexity [22], and proposing new
Spinal coding structure to improve the performance [23],
[24]. However, few works have studied the optimization of
the transmission scheme of Spinal codes in the HARQ-based
status update system from the Aol perspective.

In this paper, we study the timeliness of the HARQ-based
Spinal coded timely status update system for the first time.
We introduce a more practical system model with encoding
delay, transmission delay, propagation delay, decoding delay
and feedback delay. We derive the expressions of these types
of delays in the Spinal coded status update system according to
the coding structure and transmission scheme of Spinal codes,
and give the Aol evolution process of status update system
considering these types of delays.

Then, we derive the average Aol expression of the
HARQ-based Spinal coded system associated with these
types of delays and the probability of successful decoding.
By numerically analyzing the monotony of the Aol expression
with the probability of successful decoding, we find out that
when the decoding delay is close to or much larger than
transmission delay, the derivative of Aol expression with
regard to the probability of successful decoding is always
negative. This implies that the average Aol of the system can
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be upper bounded by the lower bound of the probability of
successful decoding (or the upper bound of failed decoding)
for the HARQ-based Spinal coded system when the decoding
delay is rather large. Based on the frame error rate (FER) upper
bound of Spinal codes in each HARQ transmission round,
we give the average Aol upper bound of the HARQ-based
Spinal coded status update system, which we will use as the
objective function in the following optimization problem.

Furthermore, we optimize the transmission scheme of the
HARQ-based Spinal coded system to achieve minimum Aol,
under the constraint of the number of total code symbols.
Minimizing the Aol of a system does not necessarily mean
minimizing a certain type of delay. For example, if very few
code symbols are transmitted at the first few rounds, then
the transmission delay in each round is minimized. However,
such few received code symbols may cause a high probability
of decoding failure, which results in more incremental trans-
mission rounds and larger decoding delay. In this case, the
minimization of the transmission delay may contrarily increase
the Aol.

In the optimization problem, the HARQ transmission
scheme is optimized by two steps. The reason for separating
the optimization algorithm into two steps is that the HARQ
transmission scheme consists of two degree of freedom,
namely the number of symbols transmitted in each round and
the puncturing pattern of Spinal codes in each round. Directly
optimizing the transmission scheme will result in extremely
high computing complexity. Therefore, we propose a two-
step optimization method, by which the following optimization
problems can be simplified. First we optimize the puncturing
pattern in each round by restricting the number of symbols as
one. Solving this problem, we can find out the best puncturing
positions for each code symbols. Using this best puncturing
pattern, we next optimize the allocation of the number of code
symbols in each round to find out the whole transmission
scheme with minimum Aol.

Specifically, the first step is to find out the best punctur-
ing positions in each round, where we consider and opti-
mize the symbol-by-symbol transmission scheme (called the
transmission scheme under the most fine-grained puncturing
pattern). Solving the optimization problem by iterative algo-
rithm, we propose a transmission scheme under the most
fine-grained incremental tail transmission puncturing (ITTP)
pattern to improve the Aol performance compared to the
transmission scheme under uniform puncturing (UP) pattern.
The second step is to find out the best allocation of the
number of code symbols in each round, where we consider
a more general transmission scheme where more than one
symbols are transmitted in the incremental rounds (called the
transmission scheme under coarse-grained puncturing pattern),
and we use an exhaustive searching algorithm to solve this
optimization problem. Combining the two solutions of the two
optimization problems, we finally propose the optimal trans-
mission scheme under coarse-grained I'TTP pattern at different
signal-to-noise ratio (SNR), as a refinement of the most fine-
grained ITTP pattern. Simulation results demonstrate that the
proposed optimal transmission scheme can further improve
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higher timeliness compared to the baseline transmission
schemes.

The main contributions of this paper are summarized as
follows:

o To the best of our knowledge, this is the first study to ana-
lyze the HARQ-based coded timely status update systems
with various types of delays, including encoding delay,
transmission delay, propagation delay, decoding delay and
feedback delay. Considering these delays, we study the
Aol evolution process of the HARQ-based Spinal coded
status update system.

o We derive the average Aol expression of Spinal coded
status update system, and analyze the monotony of the
average Aol. Based on the monotony analysis of the
average Aol with the probability of successful decoding
in each round, we further give an average Aol upper
bound of the Spinal coded status update system.

o Leveraging the average Aol upper bound as the objective
function, we optimize the HARQ transmission scheme of
Spinal coded status update system by solving a two-step
optimization problem, and propose the optimal transmis-
sion scheme under the coarse-grained ITTP pattern.

The rest of the paper is organized as follows: Section II
gives the basis of Spinal codes, including the encoding process,
decoding algorithms, puncturing patterns and transmission
schemes. Section III introduces the system model of the
HARQ-based Spinal coded status update system, and analyzes
the different types of delays and Aol evolution of the system.
In Section IV, the average Aol expression and upper bound
of the HARQ-based Spinal coded system are theoretically
analyzed. Section V focuses on the optimization of the trans-
mission scheme for the HARQ-based Spinal coded system to
minimize the Aol. Numerical results are given in Section VI
and Section VII concludes the paper.

II. PRELIMINARIES
A. Encoding Process of Spinal Codes

Spinal codes employ hash function and the random numeral
generator (RNG) to encode the source message as pseudo
random code symbols. As depicted in Fig. 1, the encoding
process of Spinal codes contains four main steps.

Step 1: Dividing message into blocks. An n-bit source
message M is divided into n/k message blocks called m;,
i = 1,2,...n/k, with each block containing k bits. After
dividing, the source message is M = [my, ma, ..., My k).

Step 2: Hash mapping to generate spine value s. The hash
function ~» maps the two inputs, which are a k-bit message m;
and a v-bit spine value s;_1, to an output v-bit spine value s;,
that is s; = h(s;—1,m;),4 = 1,2,...n/k. Usually we choose
the initial spine value as sp = 0 to initialize the mapping,
which is known by both the encoder and the decoder.

Step 3: RNG mapping to generate code symbols. The spine
value s; serves as the seed of RNG, and the RNG of the
message block m; will generate c-bit code symbols called z; ;,
where j represents the pass of the corresponding symbols.

Step 4: Channel constellation mapping (modulation). The
output code symbols from the encoder will be modulated
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Fig. 1. The encoding structure of Spinal codes.

to adjust to the channel condition. In this paper, we use
the uniform constellation mapping [17], where the c-bit code

. _ou—1/2
symbol z; ; is mapped as a number f(z; ;) = N where
xi,J;l/z and P — (2°+1252C—1)'

u =

B. Decoding Algorithm of Spinal Codes

The maximum likelihood (ML) decoding is the optimal
decoding algorithm for Spinal codes, where the decoder
searches for the candidate message whose encoded symbols
are the closest with the received symbols. The ML rule of
Spinal codes is mathematically expressed as follows:

M € argmin|ly — f(z(M")|[*,M" € {0,1}", (1)

where M denotes the output of the decoder, y the received
symbols and f(xz(M’)) the encoded symbols corresponding
to the candidate message M.

However, the complexity of ML decoding algorithm is
exponential with the message length, which makes it imprac-
tical in hardware implementation for long messages. Spinal
codes are tree codes with serial coding structure, so the tree
pruning algorithm, also called bubble decoding algorithm, can
be used for Spinal codes. In the bubble decoding algorithm
with pruning depth B, only B nodes whose path costs are the
least will remain in each layer, by which the complexity is
reduced to the polynomial level. In this paper, bubble decoding
is applied as a default.

C. Puncturing Patterns and Transmission Schemes of Spinal
Codes

The transmission scheme for Spinal codes includes the
puncturing patterns in each transmission round and the num-
ber of code symbols transmitted in each round. We denote
N = [(v1,L1), (v2,La), ..., (v, Ly)] as the total transmis-
sion scheme, where v; represents the number of symbols
that have been transmitted from round 1 to round %, and
L; = [lix,li2, ..., lin/k] represents the puncturing pattern
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at round ¢, where [; ; is the number of symbols corresponding
to jth spine value.

In the normal transmission scheme for Spinal codes, the
code symbols are transmitted pass by pass, as shown in Fig. 1.
Specifically, firstly several passes (or one pass) of symbols
are transmitted, and if the decoding fails, the sender will
continuously transmit incremental passes of symbols until a
successful decoding. In such transmission scheme, the number
of code symbols incrementally transmitted in each round is
equal to the number of message blocks, and we have [; | =
lig = ... =1y for each L.

To further improve the rate performance of Spinal codes,
the transmission scheme with puncturing is proposed in [17].
In the transmission scheme with puncturing, the whole pass is
divided into n/k sub-passes, and instead of sending the whole
pass, only a certain sub-pass will be transmitted after a decod-
ing failure. Fig. 2 shows a transmission scheme under uniform
puncturing (UP) pattern of Spinal codes with n/k = 8, punc-
turing sequence g = [g1,92,- -, 9s] [8,7,6,5,4,3,2,1]
where g; represents the code symbol from the g;th spine value
in the ¢th sub-pass. Within a sub-pass in the UP pattern,
only one symbol is transmitted as colored black, and the
symbols that have been sent before are colored gray. For
example, in sub-pass 4, if 2 passes of code symbols have
been transmitted, the puncturing pattern can be denoted as
[2,2,2,2,3,3,3,3]. Note that in a more general transmission
scheme, several sub-passes can be simultaneously transmitted
in one round.

In addition to the transmission scheme under UP pattern,
non-uniform puncturing pattern can also be used in the trans-
mission scheme of Spinal codes, where the symbols from
different spine values are transmitted unequally for different
sub-passes (hence different puncturing sequences for different
sub-passes). We can also use L; to denote the puncturing
pattern at round <.

In the transmission schemes with puncturing, a successful
decoding can occur in any sub-pass. Note that although not
all the code symbols of one pass are sent in the transmission
scheme with puncturing, the decoding algorithm does not
change. For the code symbols that are not sent in a certain sub-
pass under certain puncturing pattern, the path cost of these
nodes in the bubble decoding will be zero. For example, if the
puncturing pattern is [2,2,2,2,3,3,3,3], then the path costs
for the first four code symbols of pass 3 are zeros.

III. SYSTEM MODEL

Consider an end-to-end HARQ-based Spinal coded status
update system in Fig. 3. In this system, a sensor continuously
captures the random status update information from the envi-
ronment, and the Spinal encoder encodes the status informa-
tion to code symbols, which are then stored in the buffer of
the sender side. After that, several passes of code symbols are
transmitted over the channel. At the receiver side, the symbols
that has just been received are decoded by Spinal decoder,
and the decoding outputs are stored in the receiver. If the
decoding fails, a negative acknowledgement (NACK) feedback
is sent to the sender side by the receiver. Instantly several extra
code symbols stored in the buffer are incrementally transmitted
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Fig. 2. A transmission scheme under UP pattern of Spinal codes with
puncturing sequence g = [8,7,6,5,4,3,2,1].

status information

E@lﬁ

Sensor
7, | ACK / NACK
| T
Receiver Tdec Spinal prop
Decoder

Fig. 3. The model of the HARQ-based Spinal coded system.

under a certain transmission scheme, and the receiver decodes
the new received symbols together with the previous symbols
and gives feedback. We define the cycle of a transmission,
a decoding process and a feedback as one round. In order
to ensure lower transmission delay and higher timeliness, the
number of the total rounds (also the number of total code
symbols) is restricted to be no more than a certain integer.
Once a status update gets decoded, the Aol of the system
will be instantly updated as the age of this status update, and
then an acknowledgement (ACK) feedback will be sent to the
sensor, and a new status update will be captured. If decoding
still fails after maximum rounds of transmission, an NACK
will be sent to the sender, and still a new status update will be
captured. In this paper, we focus on the line-of-sight (LOS)
AWGN channel model.

A. Notations

We denote such HARQ transmission scheme N
[v1,v2,...1v,] for a certain code. Under the transmission
scheme N, at the first round, v; code symbols are transmitted
over the channel, and if decoding fails at round 7, then v;4; —v;
symbols are incrementally transmitted in the round ¢+ 1, until
the decoding succeeds or the total number of rounds reaches
r. We denote the delay as 7, and the specific kind of delay,
for example, encoding delay as 7.,.. We denote the distance
of the sender and the receiver as D, and the velocity of light
v. We denote the instant Aol of the system as A, and the
average Aol A, respectively. We denote [-] as rounding up
the numbers to integers.
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For Spinal codes, we denote the transmission scheme
as N = [(V17L1)7(V2,L2),...,(VT7LT-)], where L?', =
(li;1,1i2,li /i) is the puncturing pattern at round i, and [; ;
represents the number of total code symbols that correspond
to the jth spine value. We denote the status update infor-
mation (message) length as n, the segmentation parameter
as k, and the modulation parameter as c. If P passes of
symbols are transmitted at the first round, then for Spinal
codes with normal pass-by-pass transmission scheme we have
vi = (P+i1—-1)-n/k,i = 1,2,...,r, and for Spinal
codes with transmission scheme under UP pattern we have
v, = P-n/k+i—1,4 = 1,2,...,r. Denote the noise
variance of the AWGN channel as o2, and the SNR as f.
Denote the probability of successful decoding at round ¢ as
P, (v;), and the error probability at round i as P.(v;), so we
have P;(v;) = 1 — P.(v;). Also, we denote the transmission
rate of Spinal codes as R. We assume that the channel is
used once if one code symbol (including the feedback symbol
ACK/NACK) is transmitted over the channel.

B. Delay and Aol Analysis of the HARQ-Based Spinal Coded
System

Before we analyze the Aol of the system, we focus on the
different types of delays in the transmission process because of
its close connection with the age of the system. In this status
update system, the following types of delays are considered,
and note that all types of delays will be scaled by the channel
use (CU) via the data rate R and rounded up as integers to
study the symbol-level Aol

The Aol measures the time from the capture of the sta-
tus update to the successful decoding of the same update,
so the time of encoding process will increase the Aol. From
the hardware perspective, the unit of a Spinal encoder is the
hash-RNG module. We denote the clock cycle of the hash-
RNG module (also the time of running this module once)
as Thasn. Because of the sequential encoding structure, the
encoding process of one message block costs one clock cycle
of time. For Spinal codes with the message length n and the
segmentation parameter k, the encoding delay is

Tenc = |—’I'L/k . Thash . R—I . (2)

Note that the number of code symbols generated by RNG
can be arbitrarily large because of the rate-variable character-
istics of Spinal codes, so in the sending of one status update,
the encoding process will only occur once in the first round,
generating v, code symbols and storing them for the following
rounds of transmission.

2) Transmission Delay: The transmission delay Tigns 1S
equal to the channel use C, namely the number of code
symbols transmitted in the current round v; — v;_1, that is

Teans = C = v — v41. (3)

In the previous works about the Aol for channel coding [13], [14], [15],
[16], the symbol-level Aol of the system is scaled by integer channel use.
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3) Propagation Delay: In end-to-end communication and
LOS scenario, the propagation delay is only the function of the
distance between the sender and the receiver. Let the distance
of the two end be D and the light speed v, then the one-way
propagation delay of the system is

Tprop = [D/v - R]. “)

Note that in both the transmission and the feedback, the
propagation delay exists.

4) Decoding Delay: Usually the decoding delay plays a
major role in the system because the complexity of decoding
algorithm is much higher than the encoding process. Espe-
cially, in the practical application, the hardware source is
sometimes limited, resulting in higher decoding delay. The
Spinal bubble decoder consists of hash-RNG modules and
sorting modules to reproduce the encoding process and sort the
path cost of each candidate message, and the decoding delay
is related to the time of running the two kinds of modules.
Assuming that the pruning depth of the bubble decoder is B,
and that the sorting algorithm will be executed once in each
layer of the decoding tree, we analyze the decoding delay as
below. Note that in this paper the time spent on the calculation
of the path cost is so short that can be neglected.

In the ML decoding, in the ith layer of the decoding tree,
the number of nodes will be M; = 2¥ i = 1,2,... n/k.
However, in the bubble decoding, only at most B nodes will
remain after pruning. For the ith layer, the number of nodes
depends on the number of nodes in the (i — 1)th layer. If the
number of the nodes in the (i—1)th layer is not greater than B,
all the M, nodes will be each spread into 2F nodes. If not, the
decoder will prune some nodes in the (¢ — 1)th layer and only
B nodes will be each spread into 2* nodes. So the number of
nodes in the ¢th layer in bubble decoding can be expressed as

5= {2k’B 20-Dk > B,

9ik 9li-Dk < . (5

We consider a parallel computing process with H hash-
RNG modules in the bubble decoder. As such, H hash-RNG
mapping processes can be simultaneously executed, so for [3;
nodes, the number of times of hardware computing in the ¢th
layer is

2k B i—1)k
Tw 20—Dk ~ B

Hi = {ﬁ—‘ oli-k < B
— <B.

(6)

Assume that the quick sorting algorithm is applied in the
sorting module with a time complexity O(n logn), then in the
ith layer, 3; nodes will be sorted and the hash-RNG modules
are used H; times. Denote the clock cycle of the quick sorting
algorithm as Ty, then the total decoding delay is the sum of
the delay of each layer, so the decoding delay is

n/k n/k

Tdee = | R - (Thash : Z H; + Toort - Z ﬁiloggﬁi) . (D
i=1 =1

In our computer simulation of Spinal coded system, the time
of running hash-RNG module once is approximately 10—, and
the clock cycle of the sorting algorithm is approximately 10~8,

Authorized licensed use limited to: University Town Library of Shenzhen. Downloaded on August 02,2024 at 00:32:03 UTC from |IEEE Xplore. Restrictions apply.



6430

» encoding delay (1 CU)
« transmission delay ([3, 2, 1] CU)

« propagation delay (1 CU)
40 « decoding delay (2 CU)
o1 « feedback delay (only ACK/NACK 1 CU)
351 ' of
30 F .T. i o?. i
1 I 1
25 b :
1 ! . |
I ! i i
20 i . | |
. i i ! :
K, I ! o! I
15 - & oo S
| I & .
s P O ‘ :
10F, 2l a3 i BV R 1 2 iag3
ML MEUMI MY T MY IME| ML ME M8
5L ' ' : I ; 13 ' |
! ! ' '
' 1 7 H ' :
I TRA B B v | L 1 | Ll L 1 ¢
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75

Fig. 4. The Aol evolution process of an HARQ-based status update system
with a transmission scheme N = [3,5, 6] for a certain code.

respectively, so we choose Thash = 1075 and Ty = 1078 in
this paper unless otherwise specified.

5) Feedback Delay: After decoding, a 1-bit ACK or NACK
will be sent back, using the channel once, and the bit will also
experience the propagation delay, so the feedback delay is

@)

For the transmission scheme N = [v1,...,1,], if a status
update gets decoded, the Aol of the system will be updated as
the age of this status update, that is A = Tene =+ Tirans + Tprop +
Taec- Then, an ACK will be sent to the sender, which cost
T CUs, and the sensor will capture the next status update.
If a status update cannot be decoded by the receiver after r
rounds of transmission, then an NACK feedback will be sent
to the sender, and a new update will be generated with Aol
continuously increasing.

Fig. 4 describes the Aol evolution process of an HARQ
system with the transmission scheme of A" = [3,5, 6], with
Tene = 1, Tprop — 1, Tgee = 2, p = 1+ Tprop — 2.
In this process, four status updates are transmitted named My,
Ms, M3 and My, where Mf denotes the jth transmission
round of the status update M;. For M;, after three rounds
of transmission the decoding still fails and M gets discarded.
Then a new status update M is encoded and transmitted. After
a successful decoding at the first round, the Aol instantly gets
updated as the age of M, namely A = Tene + Tirans + Tprop +
Tdee = 7 (here Tyans = v1 = 3). After an ACK feedback,
M3 is encoded and transmitted and after two rounds M3 gets
successfully decoded, with the Aol of the system updated as
13. Then My, is transmitted and decoded within three rounds
and the Aol is updated to 19 after M, gets successfully
decoded.

Tio = 1 + Tprop-

IV. Aol ANALYSIS OF THE HARQ-BASED SPINAL CODED
STATUS UPDATE SYSTEM

A. The Average Aol of the HARQ-Based Spinal Coded
System

In [14], the average Aol of the HARQ coded system consid-
ering only transmission delay is derived scaled by CU, with
regard to the transmission scheme N = [vq,vs,...1,] and
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the successful decoding probability in each round Ps(v;), ¢

1,2,...,r, as the following expression.
— ]E(TQ) 1
where
r—1
- Vr PS(Vi)
BT = By ~ 2 0 — WGy
2
E(T?) = ’/r(lJF—PS(Q’/T))
Py(v,)
r—1
Ps(Vi) Ps(Vr)
- ; Ps(Vr) (V'Hrl - V’L)(Verl + v + 21/7" Ps(Vr) );
r—1
PS(Vi)
E(Vv) = Vp — Z (Vi+1 — Vi)Ps(Vr), (10)

i=1

where T represents the CU of one status information, and V'
represents the round in which the decoding succeeds.

In the HARQ-based coded system with different types of
delays, for a newly generated status update, it will be encoded
to code symbols by the encoder and v; code symbols are
transmitted before round ¢, and if decoding fails, an NACK
will be sent back to the encoder for next round. If decoding
fails at round r, then an NACK will be sent back to generate
next status update. We denote v} = ;4 Tenc 1 (Tprop~+Tdec +7iv )
as the equal channel use in each round, and ~ as the number
of the status updates that have failed in decoding before
a successfully decoded status update, then we have T
V. + vy, — Th. Note that there is a term of —7y, because
when decoding succeeds the Aol instantly gets updated, and
the feedback delay at the successful decoding round should
be subtracted. It is easy to infer that  obeys geometric
distribution with P(y = g) = (1 — Ps(v4,))? "' - Ps(v,,). Then
by calculating E(T), E(T?) and E(vy) in (9) we have the
Aol of the system with delays as follows, (11), as shown at
the bottom of the next page, where Texira = 2Tprop + Tdec + Tio-

For Spinal codes with parameters n and k with normal pass-
by-pass transmission scheme, at the first round P passes of
code symbols are transmitted, and in each incremental round
one pass of symbols are sent until a successful decoding or
the total number of rounds reaches r. In this case we have
vi=d(P+i—1),i=1,2,...,r, where d = n/k denotes the
number of code symbols in a pass. By substituting v; into (11)
we can derive the average Aol of the HARQ-based Spinal
coded system with normal transmission scheme as shown in
Theorem 1. For Spinal codes with transmission scheme under
UP pattern, assume that only one symbol is transmitted in an
incremental round, that is v; = dP +¢— 1,i = 1,2,...,r,
where d = n/k. Similarly we can derive the average Aol
of the HARQ-based Spinal coded system with transmission
scheme under UP pattern in Theorem 2.

Theorem 1 (The Average Aol of the HARQ-Based Spinal
Coded System With Normal Transmission Scheme): Consider
the Spinal coded system with message length n and segmenta-
tion parameter k. At the first round, P passes of code symbols
are transmitted and the maximum round is 7, and let d = n/k,
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then the average Aol with normal transmission scheme is, (12),
as shown at the bottom of the page.
Proof: Please refer to Appendix A. (]

Theorem 2 (The Average Aol of the HARQ-Based Spinal
Coded System With Transmission Scheme Under UP Pattern):
Consider the Spinal coded system with message length n and
segmentation parameter k. At the first round, P passes of code
symbols are transmitted and the maximum round is 7, and let
d = n/k, then the average Aol with transmission scheme
under UP pattern is, (13), as shown at the bottom of the next
page.

The proof of Theorem 2 is similar to Theorem 1. For other
transmission schemes of Spinal codes, we can similarly get
the number of code symbols in each round v; and substitute
into (11) to derive the average Aol expression.

B. Monotony Analysis of the Aol Expression (11)

Although the average Aol is decreasing with the error prob-
ability intuitively, no previous work has studied the monotony
of average Aol with error probability either numerically
or theoretically, because the expression of average Aol is
complex and difficult to analyze its monotony, as has been
derived in (11). In this subsection we try to analyze the
monotony of A with Py(v;),i = 1,2,...,n/k based on some
numerical simulations, to further give a bound for average
Aol. Specifically, we can calculate the partial derivative of A
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in (11) with respect to Ps(v;) as, (14), shown at the bottom
of the next page.

Though the sign of (14) can not be analytically derived,
we can still validate the negativity of (14) under certain
conditions by simulation in which we randomly choose v;,
Py (v;) such that v; < v;41 and Ps(v;) < Ps(vi41) to observe
the value of the derivative. By our simulation we find out
that when 4. and v, are of the same order of magnitude or
Tdec > Vp, the partial derivative of (14) is always negative.
Now we will choose some typical value of v, and Ty, with
v; and Py(v;) randomly generating, to show some simulation
0A

results of the value of 5P (o)

Fig. 5a shows the frequency distribution of the value of

%‘(“Vl), where r = 5, v,, = 30 and Ty = 16. In this case, the

decoding delay is close to the transmission delay. From Fig. 5a
we can observe that the random variable an—’(L‘m) is nearly

uniformly distributed with negative values. Fig. 5b shows the
frequency distribution of the value of %‘(“Vl), where r = 10,

v, = 120 and 7gec = 1000. In this case, the decoding delay is
much larger than the transmission delay. It is demonstrated by
Fig. 5b that the probability distribution of the random variable
%‘8}1) has a peak value and is always negative.

From Fig. 5a and Fig. 5b we can conclude that the event
that the average Aol in (11) is decreasing with Ps(v;) is
always true under the condition that the decoding delay is

r—1

Vp + Tene + TTextra — E (V1',+1 -V + Texlra)R@(Vi)

i=1

N

Py(vy)

+ (Vr + Tenc +

T'Textra ) ?

r—1

2(1/7" + Tenc + TTextra — Z (Vi+1 -V + Texlra)R@(Vi))

i=1

r—1
> (Vi1 — Vi + Textra) (Vi1
i=1

+ v; + 2Tene + Textra(zi + 1))P‘?(V7)

r—1

Z(VT + Tenc + TTextra —

Z (V11+1 —v;+ Textra))Ps(Vi)

i=1

1

_5 — Ttb,

(1)

d(P +r— 1) + Tenc + TTextra —

r—1

_:2:1 (d + Texlra)Re(Vq',)

A Py(vy)

(d(P +r— 1) + Tenc + TTextra)Q

+

Z(d(P +r— 1) + Tenc + TTextra —

r—1
Z (d + Textra)((QP + 21 —
=1

r—1

Z (d + Textra)ljs (Vi))

i=1

1)d + 2Tene + Texlra(2i + 1))Ps (Vz)

2(d(P+7r—1)+ Tenc +

1
—= = Tp.
5 ~ T

r—1

Z (d + Textra)Ps (Vt))

i=1

TTextra —

(12)
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close to or much larger than the transmission delay, which can
be easily achieved in 5G wireless communications under the
transmission rate of R ~ 10° to R =~ 107. Unless otherwise
specified in this paper, in the analysis of average Aol upper
bound and the simulation of average Aol, the condition of the
decoding delay is always satisfied.

C. The Average Aol Upper Bound of the HARQ-Based
Spinal Coded System

By analyzing the monotony of %‘éﬁ), we can further
give the bound of A. In [24] which is our previous work,
we derive a tighter FER upper bound of Spinal codes over
the AWGN channel. Note that the average Aol is decreasing
with the probability of successful decoding, so the average
Aol is increasing with the error probability (also the FER).
By substituting the FER upper bound into (11) we can derive
the average Aol upper bound of the HARQ-based Spinal coded
system. We firstly give the FER upper bound of Spinal codes
over the AWGN channel in the following lemma.

2For the situations where the decoding delay is small, the average Aol will
not decrease with the successful decoding probability. We will consider this
situation in our future work.
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Lemma 1 (Our Previous Work in [24]) (Approximate FER
Upper Bound for Spinal Codes Over the AWGN Channel):
Consider Spinal codes with message length n, segmenta-
tion parameter k£ and modulation parameter ¢ transmitted
over the AWGN channel with noise variance 2. Let L =
[l1,12,...,l,/x] be the puncturing pattern of Spinal codes,
then the FER under ML decoding can be approximately upper
bounded by

n/k
P <1-JJ-e), (15)
i=1
with
e =min {1, (2" —=1)2" "% .min (1,R))},  (16)
where

R;

1 w02 N; Nj’/2
< - > , (17)
I <1+Ni/2>
n/k

where T'(-) denotes the Gamma function, N; = > /77 [;.
From Lemma 1 we know that P, is related to the punc-
turing pattern in each round. Given the transmission scheme

Pd+17—14 Tene + TTextra —

A

r—1

Z (1 + Textra)Ps(Vi)

i=1

PS(VT)
(Pd + 7 =14 Tene + rTextra)Q

+

r—1

2(Pd+ 1 — 14 Tenc + "Textra — 2 (1 + Texra) Ps (1))

i=1

r—1
Z (1 + Textra)(zpd + 21 — 14 27epc + Textra(Zi + 1))]33(”1')
i=1

2(Pd+1 — 14 Tene + TTextra —

1
—= = Thp.
5 T

r—1

> (1 Texura) Ps (1))

i=1

13)

- _(Vj+1 - Vj) — Textra

0A
O0P; (v;) - Py (vr)

+

2
(Vr + Tenc + rTeera) (VjJrl -V + Textra)

r—1

Q(Vr + Tenc + " Textra — Z (ViJrl — v+ Textra)Ps(Vi))2

i=1

(Vj+1 -V + Textra)((VjJrl +v; + 2Tene + Textra(Qj + 1))
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'(Vr + Tenc + T Textra — Z(ViJrl — v+ Teera)Ps(Vi))

s
Tl
| =
_

(Vj+1 -V + Textra)2

-
Il
-

(ViJrl + Vi + 2Tene + Textra(2i + 1))PS(VZ)

(14)

Z(VT + Tenc + TTextra —

r—1

E (Vz'+1 — v+ Texlra)R@(Vi))Q
i=1

Authorized licensed use limited to: University Town Library of Shenzhen. Downloaded on August 02,2024 at 00:32:03 UTC from |IEEE Xplore. Restrictions apply.



MENG et al.: ANALYSIS AND OPTIMIZATION OF THE HARQ-BASED SPINAL CODED TIMELY STATUS UPDATE SYSTEM

5
10 = 10
8 [
g of
=i
Q
3
3
g 41
2 .
0
-10000 -8000 -6000 -4000 -2000 0
partial derivative value
(@) » =5, v, = 30 and Ty = 16.
150 . ‘ ‘
100
o]
Q
=i
g
=
«Q
Q
3
50 1
0 "
-2500 -2000 -1500 -1000 -500 0
partial derivative value
(b) 7 = 10, vy = 120 and Tyec = 1000.
Fig. 5. The frequency distribution histogram of % with different
parameters.

N =[(v1,L1), (v, L), ..., (v, L,)], we can calculate the
FER upper bound in each round by substituting L; into (15).
We denote the FER upper bound at round i by P (v;).
Because Pi(v;) = 1 — P.(v;), we have the lower bound
of the probability of successful decoding is Pl (1;) =
1 — P™(1;). Because the average Aol is decreasing with
P, (v;), we can derive the average Aol upper bound for the
HARQ-based Spinal coded system over the AWGN channel
AUPPET by substituting P1"f(1;) into the average Aol expres-
sion in (11), as shown in the following theorem.

Theorem 3 (The Average Aol Upper Bound for the
HARQ-Based Spinal Coded System Over the AWGN Chan-
nel Under Certain Puncturing Pattern): Consider the
HARQ-based Spinal coded system with status informa-
tion length n, segmentation parameter k, and the trans-
mission scheme N = [(v1,L1), (v2,L2),..., (v, L,)]. Let
Plover(y,) = 1 — P2 (1;) be the lower bound of probability
of successful decoding at round ¢ which can be calculated
by (15), then the average Aol of the system can be upper
bounded by, (18), as shown at the bottom of the next
page.

In section V, the average Aol upper bound will be utilized
as the objective function to optimize the transmission scheme
for the HARQ-based Spinal coded system.
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V. Aol OPTIMIZATION OF THE HARQ-BASED SPINAL
CODED SYSTEM

In this section, we aim to optimize the puncturing pattern
and the number of code symbols in each round to construct
an Spinal coded HARQ transmission scheme with minimum
Aol, under the constraint of the number of total incremental
redundancy symbols. Although the objective function is the
average Aol upper bound in (18) instead of the real average
Aol, we can still find out the best transmission scheme, for
lower Aol upper bound implies lower real average Aol. The
transmission scheme consists of two degree of freedom, and
directly taking the whole transmission scheme as the decision
variable will cause extremely high computing complexity.
Therefore, we separate the optimization algorithm of the
transmission scheme into two steps to simplify the problem.
Firstly, in order to find the best puncturing position for each
incremental symbol, we first optimize the puncturing pattern
under a symbol-by-symbol transmission scheme. Using the
optimal puncturing pattern we have just solved, we can then
optimize the number of code symbols in each incremental
round to find the best allocation of symbols. Combining the
two solutions to the two problems, we can finally get the
optimal transmission scheme.

A. HARQ Transmission Scheme Optimization Under the
Most Fine-Grained Puncturing Pattern

Firstly, we try to optimize the puncturing pattern in each
round. In other words, the purpose of this step is to find
out transmitting which symbol will achieve the lowest Aol
in each round. As a result, we consider a transmission scheme
where the transmission process is symbol by symbol. That
is, after transmitting several passes of symbols at the first
round, the transmitter sends only one encoded symbol in
each incremental transmission round with the number of
total incremental symbols equal to I,,x. We define such
symbol-by-symbol transmission scheme as the transmission
scheme under the most fine-grained puncturing pattern. The
goal of this optimization is to find the best puncturing posi-
tion in each round for Spinal coded system to get lowest
Aol.

For Spinal codes with message length n and segmentation
parameter k, the Aol minimization problem can be expressed
as follows:

1) Objective function: The average Aol upper bound
AP which is denoted by (18). Although the average
Aol upper bound is not the real average Aol, we can still
choose A"PP' as the objective function, because minimizing
the upper bound will lead to lower real average Aol than
the corresponding upper bound, which also achieves our
goal.

2) Decision variables: The number of symbols from
each spine value, namely the puncturing pattern L; =
(Ui, li2, -y linyk] atround 4,4 = 1,2,..., 7. In this case, the
transmission scheme is N = [(v1,Ly), (v2, La), ..., (v, L)),
where v; is the sum of the elements of the vector L;, and
v; —vi—q = 1 for i > 2. We assume that v; = nP/k and
L, = [P, P,...,P], that is, P passes of code symbols are
transmitted in the first round.
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3) Constraint: The number of incremental symbols is equal
to Imax. In fact, the constraint is equal to the restriction of the
number of total code symbols when v is fixed.

To sum up, the overall optimization problem can be formu-
lated as follows.

Problem 1: The Aol minimization problem for the trans-
mission scheme under the most fine-grained puncturing

pattern:
min  A"PPeT
s.t. ,li’n/kEZ"' for i=1,2,...,n/k,

19)

(& l7;71,17;72, N

Co: Vp — V] = Inax.

where AYPPC" can be calculated by (18).

Note that Problem 1 is an integer programming problem,
and can be solved by exhausting algorithm when I . is
small. But for large I,,.x, the exhausting algorithm cannot
be executed in limited time. Instead, we design a dynamic
iteration algorithm based on the tree structure to solve this
integer programming problem, similar to the bubble decoding
algorithm of Spinal codes. In each iteration round (also the
transmission round), one candidate symbol is transmitted, with
the nodes in the current layer spread to construct a n/k-ary
tree, whose nodes represent the candidate puncturing patterns.
Only 3 nodes with the least Aol upper bound will remain.
When the total number of incremental symbols is Iiax, the
algorithm ends with an output of the optimal decision value,
namely the optimal puncturing patterns in each round. Specif-
ically, the iteration algorithm is elaborated in Algorithm 1.

Note that in Algorithm 1, the Aol upper bound can be
calculated by (18) considering the transmission scheme until
the current layer (or the current round) based on the node path
from the root node to a certain child node. For example, if the
current round is the third round, then the transmission scheme
is [(v1,Ln), (11 +1,La), (v1 + 2, L3)]. Solving Problem 1 by
the algorithm above with n = 32, k = 4, P = 3, R = 10°,
B =64, H =64, D =0, and 8 = 4, the results are shown
in Table I. Here only the puncturing pattern in the last round
is shown. The reason is that in every round before the last
round, the solution is also transmitting the symbol from the
n/kth spine value, forming the same transmission scheme.

3By our simulation, these variables do not affect the final solutions.
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Algorithm 1 The Optimal Transmission Scheme Under
the Most Fine-Grained Puncturing Pattern for the HARQ-
Based Spinal Coded System

Input: Message length n; segmentation parameter k;
puncturing pattern at the first round
L1 = [11, lg, ceey ln/k] where
lh=...= ln/k = P; transmission round r = 1;
the SNR f, the distance D; the maximum number
of incremental code symbols I;,,x; transmission
rate R, pruning depth B and the number of
parallel hash module H.
Output: The optimal puncturing pattern with the least
Aol upper bound.
1 Initialize root node c¢;; by the puncturing pattern Ly;
2 while » < I, + 1 do
3 | Transmit a code symbol: the transmission round
r=r+1;
4 | Spread the nodes in the rth layer . Specifically, for
each father node
Cr-14,7 =1,2,...,min{(n/k)", B}, n/k candidate
symbols at each puncturing position are transmitted to
generate node ¢, ;,j = 1,...,n/k containing a
puncturing pattern of current round L, = L, _1;
5 | For node ¢, ; in the rth layer, the puncturing pattern
in the current round L, gets updated: [, ; = [, ; + 1;
6 | For each child node ¢, ;, calculate the Aol upper
bound A}*" under the SNR f based on the
transmission scheme
[(Pn/k,Ly),(Pn/k+1,L2),...,(Pn/k+r—1,L,)];
7 | if the number of nodes > [3 then
8 [ nodes with least Aol upper bound
¢rj,j =1,2,...,0 will remain and be spread in
the next cycle;

9 return The optimal node path, i.e. the puncturing pattern
in each round or the transmission scheme.

From Table I, we can find out that the puncturing pattern in
the last round (also in each round obviously) forms the most
fine-grained incremental-tail-transmission puncturing pattern
(ITTP pattern) for the transmission scheme, which means that
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Vp + Tenc + TTextra —
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Z (Vi+1 —v; + Textra)Pslower(Vi)
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TABLE I

THE OPTIMAL PUNCTURING PATTERN WITH DIFFERENT NUMBER OF
INCREMENTAL SYMBOLS Imax

Imax | The optimal puncturing pattern in the last round L,
6 L, =13,3,3,3,3,3,3,9]
9 L, =[3,3,3,3,3,3,3,12]
12 L, =[3,3,3,3,3,3,3,15]
15 L, =[3,3,3,3,3,3,3,18]

in each incremental round continuously transmitting the coded
symbols from the n/kth spine value will lead to lower Aol
In other words, ITTP pattern is the best puncturing pattern
that achieves higher timeliness. Also, if there are restricts
for Spinal codes in Algorithm 1 that the whole pass must
be transmitted before transmitting the symbols from the next
pass, we can also get the solution that the optimal uniform
puncturing pattern for the HARQ-based Spinal coded system
is inverse uniform puncturing pattern, where the symbols from
the n/kth spine value is firstly transmitted, and the symbols
from the (n/k — 1)th spine value the second and so on, as the
puncturing pattern in Fig. 2. Unless otherwise specified, in the
simulation of HARQ Spinal coded system with transmission
scheme under UP pattern, inverse UP pattern is utilized as a
default.

B. HARQ Transmission Scheme Optimization Under
Coarse-Grained Puncturing Pattern

After getting the best puncturing pattern, we focus on the
symbol allocation in each transmission round to construct
the best transmission scheme. Therefore, we consider a more
general transmission scheme where more than one code sym-
bols instead of one symbol are transmitted in the incremental
rounds. Again, we define such transmission scheme as the
transmission scheme under coarse-grained puncturing pattern.
Although the transmission scheme under the most fine-grained
ITTP pattern is the optimal symbol-by-symbol transmission
scheme, ITTP pattern may not outperform coarse-grained
puncturing pattern in the aspect of Aol, especially when the
decoding delay is large. For example, if the code symbols
are transmitted one by one at the first few rounds, though
the transmission delay is reduced, the probability of decoding
failure may be high due to the small number of code symbols.
In this case, each round of failed decoding will cause a large
Aol growth because of large decoding delay. Nevertheless,
if several code symbols instead of one symbol are transmitted
at the first few rounds, these code symbols may greatly
increase the probability of successful decoding in these rounds,
decreasing the average Aol of the system. Therefore, it is
necessary to further study the transmission scheme under
coarse-grained puncturing pattern.

In this subsection, we aim to find a transmission scheme
under coarse-grained puncturing pattern that minimizes the
Aol of the system under the constraint of total number of
incremental code symbols. Because the transmission scheme
under ITTP pattern is the optimal transmission scheme under
the most fine-grained puncturing pattern, in this subsection,
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only the tail symbols are transmitted, which significantly
simplifies the problem.

For Spinal codes with message length n and segmentation
parameter k, the Aol optimization problem under coarse-
grained puncturing pattern can be expressed as follows:

1) Objective function: The Aol upper bound A"PP"| which
is denoted by (18). Note that for the transmission scheme
under non-uniform puncturing pattern we can only use (18)
to calculate the Aol upper bound.

2) Decision variables: The transmission scheme
[(v1,L1), (v2,L2),..., (vr,L;)]. In the incremental rounds,
viy1 — v; tail symbols will be transmitted to form the
puncturing patterns of Ly = [l1,...,[, /] at round 1 and
L; = [l1,... Ik +Viy1 —v1],4 > 2 at round i, respectively.
We define this transmission scheme as the transmission
scheme under coarse-grained ITTP pattern.

3) Constraint: The number of incremental symbols is equal
to Imax, With v, = v + Lhax.

The optimization problem can be formulated as follows:

Problem 2: The Aol minimization problem for the trans-
mission scheme under coarse-grained ITTP pattern:

min Aupper
S Z +,

Co 1 Vp — V1 = Ipax,

s.t. c1 iV, V..
(20)

where A"PPC’ can be calculated by (18).

Problem 2 is also an integer programming problem, and
the key of solving it is to list all the transmission scheme
N. We divide the algorithm of the derivation of the trans-
mission scheme list into two steps. Firstly we decompose
Iax into the sum of a series of positive integers, for exam-
ple, when I,,x = 4, the solutions are 4 = 1 + 1 +
14+41,4=1+1+24=1+4+34=2+24 = 4.
Secondly, we rearrange each of the series to do the full
permutation for each case, for example, when I,,,x = 4, the
result of full permutation is the set of the following vec-
tors [1,1,1,1],[1, 1,2], [1,2,1],[2, 1, 1], [1,3], 3, 1], [2, 2], 4],
which can be used to derive the candidate decision variables,
for example, the transmission scheme for the permutation of
[1,1,2]is N = [v1,v1+1, 1 +2, v1 +4]. After calculating the
Aol upper bound for each transmission scheme, the decision
variable that has minimum Aol upper bound is the solution
of the problem. The algorithm to the Problem 2 is detailed in
Algorithm 2.

By algorithm 2 we solve the problem 2 under the condition
of n =32 k=4,P =2 (1 = 16), R = 10°, B = 64,
H =64, D =0,* I,.x = 8 and the SNR ranges from 10 dB
to 20 dB, and the solutions can be seen in Table II. We also
solve the problem under the condition of R = 10% with the
other parameters same as those in Table II, and the solutions
are elaborated in table III. The SNRs in Table II and Table III
are accurate to two decimal places. It is demonstrated from
Table II and Table III that the optimal decision values form

“In this paper, the terrestrial communication scenario is considered with
small propagation delay that can be neglected, so we set D = 0 to represent
the neglected propagation delay. The analysis and optimization of the system
with large propagation delay can be extended following this work.
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Algorithm 2 The Optimal Transmission Scheme Under
Coarse-Grained ITTP Pattern for the HARQ-Based Spinal
Coded System
Input: Message length n; segmentation parameter k;
puncturing pattern L = [l1,l2,...,1, /5], and
li =...=1l,/, = P; the SNR f, the distance D;
the maximum number of incremental symbols
Iinax; transmission rate R, pruning depth B and
the number of parallel hash module H.
Output: The optimal transmission scheme with the least
Aol upper bound.
1 Decompose I;,,x into the sum of a series of positive
integers;
2 Rearrange each of the series to do the full permutation to
generate all the candidate transmission scheme N ;
3 for N, do
4 L Calculate the Aol upper bound A, under the SNR f

using equation (11) ;
5 Search for the minimum of A4, and get the index d;
6 return The optimal transmission scheme N 4.

TABLE I

THE OPTIMAL TRANSMISSION SCHEME UNDER COARSE-GRAINED ITTP
PATTERN WITHn = 32, k = 4, R = 10°

SNR The optimal decision variables N
10-11.47 dB N =16, 24]
11.48-11.85 dB N = 16,23, 24]
11.86-12.51 dB N =116,22,24]
12.52-13.46 dB N =116,21,24]
13.47-15.81 dB N =1]16,20,24]
15.82-20 dB N =116,19, 22, 24]

TABLE III

THE OPTIMAL TRANSMISSION SCHEME UNDER COARSE-GRAINED ITTP
PATTERN WITHn = 32, k = 4, R = 109

SNR The optimal decision variables N
10-12.52 dB N = [16,24]
12.53-13.08 dB N =116,23,24]
13.09-14.30 dB N =1]16,22,24]
14.31-16.90 dB N =]16,21,24]
16.91-20 dB N = [16,20, 24]

a threshold structure. Specifically, when the SNR reaches a
certain threshold, the optimal transmission scheme N changes
in the aspect of the number of incremental tail symbols
in each round and the number of total transmission round.
Also, with the channel condition becoming better, the optimal
transmission scheme is more close to the transmission scheme
under the most fine-grained ITTP pattern in each round.
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Fig. 6. The simulation results and upper bound of Aol for the HARQ-
based Spinal coded system with normal pass-by-pass transmission scheme and
transmission scheme under UP pattern by bubble decoding with B = 256.

VI. NUMERICAL RESULTS

A. Average Aol Upper Bound of the HARQ-Based Spinal
Coded System

Fig. 6a shows the simulation results and the upper bound
in (18) of Aol of the HARQ-based Spinal coded system over
the AWGN channel with normal pass-by-pass transmission
scheme (PBP scheme) and transmission scheme under UP
pattern (UP scheme), where n = 8, k =2, ¢ = 8, R = 10°,
B =256, H = 64, D = 0 and at the first round one pass of
code symbols are transmitted. For normal transmission scheme
the maximum round is r» = 8, so in the 8th round 8 passes
of code symbols are transmitted; and for transmission scheme
under UP pattern the maximum round is » = 29, so in the 29th
round also 8 passes of code symbols are transmitted. Note that
in this case the bubble decoding algorithm with B = 256 is
equal to ML decoding, because in the n/kth layer the number
of total nodes is 256, and no pruning is operated in bubble
decoding, so the Aol upper bound derived in (18) can still be
applied here to compare with the simulation results. With these
parameters, we can calculate the encoding delay and decoding
delay in the system, which are 7 = 4, 7gec = 10. It can be
seen from Fig. 6a that the both the Aol simulation and its
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upper bound are decreasing as the channel condition becomes
better. Besides, it is obvious that the Aol upper bound is tighter
with the Aol simulation when the SNR is high in this case.
Moreover, the Aol simulation and upper bound of transmission
scheme under UP pattern are much higher than that of normal
transmission scheme, for more rounds are experienced in the
transmission of incremental puncturing symbols, which causes
higher decoding delay.

Fig. 6b shows the simulation result and the upper bound
in (18) of Aol of the HARQ-based Spinal coded system over
the AWGN channel with normal transmission scheme and
transmission scheme under UP pattern, where R = 105 and
the other parameters are the same as those in Fig. 6a. In this
case, the encoding delay and decoding delay are 7ep. = 40 and
Tdee = 96, which are much higher than the transmission delay.
Specifically, compared to Fig. 6a, the Aol upper bound and
simulation results under R = 10° are nearly eight times larger
than those under R = 10°, for the Aol of the system mainly
depends on the encoding delay and decoding delay, and in this
case the two types of delays are nearly ten times those under
R =10°.

B. Aol Simulation of the HARQ-Based Spinal Coded System
With the Optimal Transmission Scheme

Fig. 7a compares the Aol of the HARQ-based Spinal coded
system with transmission scheme under the most fine-grained
UP pattern [17] (UP scheme), ITTP pattern (ITTP scheme) and
with the proposed optimal transmission scheme under coarse-
grained ITTP pattern shown in Table II (Optimal scheme),
where n =32, k=4, B=64, H = 64, R = 10°, D = 0, the
maximum number of incremental symbols I,,,,x = 8 and at the
first round two passes of code symbols are transmitted. In this
case, the encoding delay and decoding delay are 7¢,. = 8 and
Taec = 165, respectively, and the maximum transmission delay
iS Tyans = 24. Clearly, the Aol of the system with the trans-
mission scheme under the most fine-grained UP puncturing
pattern is the highest, because the decoding delay is higher
than the transmission delay and plays the main role in the Aol
increase. In contrast, the transmission scheme under the most
fine-grained ITTP pattern can reduce the Aol apparently, for
the tail symbols increase the probability of successful decoding
in the incremental rounds to improve the timeliness.

As for the optimal transmission scheme under coarse-
grained ITTP pattern, the decrease of the Aol compared to the
transmission scheme under the most fine-grained ITTP pattern
should be analyzed from two aspects. On the one hand, at low
SNR, the Aol of the optimal scheme is significantly lower than
the transmission scheme under ITTP pattern, because the total
number of rounds is much lower than ITTP pattern in average,
resulting in smaller decoding delay in the system. On the other
hand, at high SNR, the Aol of the optimal scheme is close to
that of ITTP pattern, because the decoding can succeed at the
first few rounds for both the two transmission schemes under
more reliable channel condition, and in average the decoding
delay under the two transmission schemes are closer, resulting
in the small difference of Aol.

Fig. 7b compares the Aol of the HARQ-based Spinal coded
system with transmission scheme under the most fine-grained
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Fig. 7. The Aol comparison of the transmission scheme under fine-grained
UP pattern, ITTP pattern and the proposed optimal transmission scheme under
coarse-grained puncturing pattern for the HARQ-based Spinal coded system.

UP pattern, ITTP pattern and with the proposed optimal
transmission scheme under coarse-grained ITTP pattern shown
in Table III, where R = 10°% and the other parameters remain
the same as those in Fig. 7a. In this case the encoding delay
and decoding delay are 7., = 80 and 74, = 1646. With so
large decoding delay, the other types of delays in the system
can be nearly neglected, so the Aol is mainly affected by
the decoding delay in each transmission round. Specifically,
compared to Fig. 7a, the Aol under three transmission schemes
with R = 10% are approximately ten times, for the decoding
delay here is ten times that of the case with R = 10°.

VII. CONCLUSION AND FUTURE WORK

In this paper, the Spinal coded timely status update sys-
tem with HARQ transmission scheme is firstly analyzed.
We analyze all the delay elements from the encoding, trans-
mission, propagation, decoding and feedback process of the
HARQ-based status update system, and we further observe
the Aol evolution of the system. We theoretically derive the
average Aol upper bound of the HARQ-based Spinal coded
system. Utilizing the average Aol upper bound as the objective
function, we formulate and solve the optimization problems
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aimed at the HARQ transmission scheme of Spinal coded
system, and propose the optimal transmission scheme under
coarse-grained ITTP pattern. Simulation results demonstrate
the superiority of the proposed optimal transmission scheme
in the aspect of Aol compared to the transmission schemes
under the most fine-grained puncturing patterns.

This paper provides an example of analyzing the average
Aol of the HARQ-based coded status update system with
different types of delays. For the system coded by other
channel codes, similar ideas can be adopted to analyze the
delay elements, Aol evolution processes and average Aol
expressions considering the coding scheme and the FER or
block error rate (BLER) of corresponding channel codes.

APPENDIX A
PROOF OF THEOREM 1

Substitute v/ into (10) considering that at round V' the Aol
is updated instantly with no feedback (the total number of
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we can derive the average Aol expression of the HARQ-based
Spinal coded system in (13).
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